AmBrSoft

Complex equations summary

V2.7
Complex Basic Operations
Operation Regular form Polar to Cartesian form Exponential form
z a+ib r(cos @ + isinf) ret®
, b+d 0 0
Z1+ 2z, (a+c)+i(b+d) J@+c)?2+ (b +d)?ztan™! <a+c) re't’t + etz
. b—d » .
Z1— 7 @-o+ib—d) J@—0c)2+ (b —d)?2tan™! (a—c) retf1 —re'%
2,7, (ac — bd) + i(ad + bc) ri1y[cos(6, + 6,) + isin(6; + 6,)] 11yl 01702)
z i(bc — T T o,
= (ac + bd) + i(be — ad) ~[cos(6, — 6,) + isin(6; — 6,)] L i(6:1-62)
Z3 c?+d? 2 T2
1 a b 1 1 .
. . —i6
p a2+b2_la2+b2 ;(cos@—tsm@) ;e L
- (a? — b?) +i2ab 72(cos 26 + isin 26) r2ei2f
1 ) 6 0 .
N ﬁ(\/r+a+l\/r—a) \/F(cos§+isin§) \/;elg
VAL (a +ib)" r™*(cosn@ + i sinnh) rnetn(@+2mm)
60+ 2kn 0 + 2km (0+2k
Nz V(a +ib) Vr (cos + isin—) r% el( - n)
. (c+id) .
7% (a+ ib)cHD = (g2 4 p2) 2z eilctid)d oZ21n(2)
r¢e™9®[cos(d Inr + ¢ + 2ckm) + i sin(dInr + c + 2ckm)]
Inz ln(reie) = ln[rei(9+2””)] =Inr+i(6 + 2nm) z#0
Inz, In(a+ib)
log,, z; = :
Inz, In(c+id)
xZ x%*[cos(bInx) + isin(b Inx)] e?Inx — yapi(blnx)
eZ e®(cosb + isinb) eZ+izmn edet?
Z a—ib r(cos@ —isinf) re”i®
conjugate
zz=a+ib z,=c+id arg(z)=9=tan_1(§)+2nn r=+va’?+b*? k=01...n—-1
m,n = 0,1,2 ...any integer
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Complex Trigonometric Functions
eiz _ e—iz
sinz sin(a) cosh(b) + i cos(a) sinh(b) > —i sinh(iz)
i
eiz + e—iz
cos z cos(a) cosh(b) — isin(a) sinh(b) — cosh(iz)
sin el — e~z
tan z z ; —itanh(iz)
cosz i(etz +e~2)
cosS 1 ¥ iz —iz
cotz : Z_ L(e‘-l-—e.) i coth(iz)
Sinz tanz elz — g1z
1 2
secz —_— sech(iz)
cosz etz + ez
1 i2
cscz . _ i csch(iz)
sinz elz —e™'z
Complex Hyperbolic Functions
e?—e7?
sinh z sinh(a) cos(b) + i cosh(a) sin(b) 5 —isin(iz)
. . e’ +e™? .
coshz cosh(a) cos(b) + i sinh(a) sin(b) 5 cos(iz)
sinh z e?—e™?
tanh z _— —itan(iz)
coshz eZ+e %
coshz 1 e?+e?
cothz : = - i cot(iz)
sinhz tanhz eZ—e7%
1 2
sech z —_ sec(iz)
coshz e‘+e %
1 2
csch z _ — icsc(iz)
sinh z eZ—e7%
Complex Inverse Trigonometric Functions
T 1
arcsinz —iln (iz +1- zz) ——cos !z csct (—) —isinh™1(iz)
2 z
T 1
arc cos z —iln (z t+iv1-— zz) 5~ sin~!z sec™! (—) +icosh™1(2)
z
[ i+z i 1—-iz T 1
arctanz | =1 ( ) = -1 ( ) ——cot™1lz t=1 (—) —itanh™1(iz
2 MNi—2z) 72" 1+ 2 ot \z 2
1 Z+1 T 1
arc cotz —In ( ) ——tan" !z tan~?! (—) i coth™1(iz)
20 \z—1i 2 z
1 (1+V1-22 n 1
arc secz —In <—Z> ——csclz cos™! (—) +isech™(z)
i z 2 z
1 i+vVzz2 -1 T 1
arc csc z ZIn <—> 5~ sec™lz sin~1 (—) i csch™(iz)
i z z

September 15, 2013

page-2




AmBrSoft

Complex equations summary V2.7
Complex Inverse Hyperbolic Functions
. (1 e 1y
arcsinh z In (Z ++z%2 + 1) csch™! (—) —isin™(iz)
z
1
arc cosh z In (z + - 1) = ln(z +Vz+1vz — 1) sech™! (—) +icos1(2)
z
1 1+z 1 1
arc tanh z =In ( ) ==[In(1+ z) — In(1 — 2)] coth™! (—) —itan~1(iz)
2 1—2z 2 z
1 z+1 1 1 1 1
arc coth z —In ( ) == [l (1 + —) —In (1 - —)] tanh™! (—) i cot™(iz)
2 -1 2 z z
+v1l— 1
arc sechz < — ) cosh™! (—) +isec™1(z)
z z
1+v1+ 1
arccschz < = ) sinh™! —) icsc™1(iz)
z z
Trigonometric Relations
sin(z; + z,) sin z; cos z, + cos z; sin z,
cos(z; * z,) COS Z4 COS Z, + sin z; sin z,
‘ + tanz; X tanz,
an(z + z,) 1+ tanz, tan z,
Complex Trigonometric and Hyperbolic Function Relations
T T
sinz sin(z + 2mn) —sin(—z) cos (E - z) = —cos (E + z)
cosz cos(z + 2mn) cos(—z) sin (E + z) = sin (E - z)
2 2
T T
tan z tan(z + n) —tan(—z) cot (E — z) = —cot (E + z)
T T
cotz cot(z + mn) —cot(—2) tan (E — Z) = —tan (E + z)
T /s
cscz csc(z + 2mn) —csc(—2z) sec (E — z) = —sec (E + Z)
secz sec(z + 2mn) sec(—2z) csc (E — z) = csc (E + Z)
2 2
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sinh(—z) = —sinhz

siniz = isinhz

sinhiz =isinz

cosh(—z) = coshz

cosiz = coshz

coshiz = cosz

tanh(—z) = —tanhz

taniz = itanhz

tanhiz =itanz

sin®z 4+ cos?z=1 cosh?z — sinh?z =1 sin 2z = 2sinz cos z
1+ tan?z = sec®z 1 — tanh?z = sech?z cos 2z = cos® z —sin? z
2tanz
14 cot?z = csc?z coth?z — 1 = csch? 1z tan 2z = ————
1—tan“z

z 1—cosz oz cosh(z) -1
sin 2 sinh (E) = |—

z 1+cosz z 1+coshz
cos cosh =

2 2
. Z _1—cosz sin z X h(z)_l—coshz
an 2 " sinz 1+ cosz an 2/ sinhz

cos(2z) + isin(2z) = (cos? z — sin? z) + i(2 sinz cos z) = e'??

Powers
=1 =1
it=i iTl=—i
i?=-1 i—2=-1
i3 =—i i3=i
it=1 it =1
i°=i (7% =—i
i°=-1 it=-1
i’ =—i i’ =i
=1 i8=1
i°=i im0 =—i
i10=—-1 iT10=-1
General
jan = pi2mm 1 T4 =
jAn+1 _ ei(2n+%)n: i j~@n+) — _q
jan+2 — Lin+m — _q j—@n+2) —
jan+3 _ ei(2n+%)n —— j—@an+3) — 1

n=0, 1, 2 ... (integer number)
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Logarithms

Inz =1In|z| + i[Arg z + 2km]

k=0,+1,+2... | ?7°
1
In (—) =—Inz y* = ¥y
z
In(z12z;) =Inz; +Inz, 7% = eIz
Al 1
1 (—) =1 —1 A —
n P nz; —Ilnz, e v
l _logz in
—i2lnx
log; x = le?| = e*

logz = log(2)

; n i _r
il = pilni — o= +27n

In(e?) =z +i2nm

e = 2.71828183 ...

In(1) =0

e® = cos@ +isind

In(—1) = ln(ei”) =im

e? =cosz+isinz

In(0) = —infinity

e 2 =cosz—isinz

In() = i (% + 2kn)

eZ = coshz + sinhz

In(—i) = —i (g + 2kn)

In(o0) = infinity

In(—a) =lna+in

Conjugate & Modulus

ZliZZZZ_liZ_Z Z+E=2a y
Z=x+1Iy
7125 = 717, z—Z=1i2b ...'
Z Zq
(—1)=t1 ifz,#0 | 22=x2+y? = |22 T
Z, Z /
__ z .
) =z e 6129 ;
@ - a: «
1z| = |Z] = /x% + y2 z=2Z onlyifzisreal -.__—B
z
|§| =1 Z = —z if zis imaginary r\
|z|? = zz = zz T=—i '
[ ]
z7'=7Z|z|"? z#0 li| =1 -y Z=x—iy
Conjugate
|2y + 25| < |zq| + | 23] |z| modulus of z _
Conjugate — Polar Form
= > _ .,—if
|z1| = |22] < |24 — 25| |z| = Vzz Z=re7!
P Conjugate — Polar to Cartesian
|212,| = |24, arg(z) = tan”!1 —— Z=r(cosf —isinh)
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Cartesian Coordinate

A complex number can be viewed as a

point or a vector on a two dimensional

Cartesian coordinate system, called the

complex plane or Argand diagram.
z=x+1iy

Polar Coordinate
The polar coordinate system uses angle
and vector length r of a point from the

VY (Imaginary Axis)

y S Z=X+HY

origin of the axe. z=re'® -X X X {Real Axis)
r - modulus (absolute value of z) i
'r' — [xz + y2 N _:ll
0 - phase or the argument of z )
z = arg(z) = tan™! Y L g
X
Polar to Cartesian -V
z=r(cosf +isinf)
f : f (2 + Az) — f(20)

Complex Derivative
Derivative of a complex function f{z) at a
point z,

— =)= )i =

Az approch zero in any way possible

Cauchy Riemann Equations
A necessary condition for a function

f(@) =ulx,y) +iv(x,y)
To be analytic at a point Z=Xx+Iy is that
the Cauchy Riemann equations are satisfied
at that point.

au_
ox

ov
dy

au_
ay_

ov
ox

(uy = vy) (uy = —Vy )

Cauchy Equation in Polar Form

au_lav
or rado

1 au ov
T 69 Cor

Harmonic Function

Function f(x,y) is harmonic if the first
and second partial derivatives are
continuous in a given domain and the
Laplace's equation is satisfied.

2f aZf
ox2 ' 9y?

(fxx"'fyy =0)

Vif =

Harmonic Complex Function
The real and the imaginary parts of a

complex function is satisfying the Laplace
equation

0%w N 0w B
ox2 = dy?

Cauchy Integral
If f{z) is analytic in a closed domain C

and z, is a point interior to C then:

1 @ .

2mi Z—Zy

f(zo) = o—

Taylor Series
If f(z) isinfinitely differentiable at a

point z, then it can be expressed as a
power series.

f'(z0)

Flzo) = L0 (g — ) 4+ L)

2!

= £
fla =Y L g

n=0

Zy) + (z—20)* +
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Oscillation

Complex number describing oscillation.
w - angular velocity

t -time

@ — initial phase of starting point

e/ (@t+9) = cos(wt + @) + j sin(wt + @)

Series expansion of complex functions

2 3

7z z
z_1+Z+§+§+ +——1+Z forallz
z2
—1—z+§——+ Z( Dnn' forall z
111 1 _°° 1
ez_1+5+2!z2+3!z2+"'_En!zn 2% 0
n=0
2 g3 - (i0)"
19_ -
1+i6 o l3|+ =1+ oy
n=1
z-1% (z-1° (z-1)"* S e
Inz=(z-1) - > 3 T 2 =Z(_1)n ! n
n=1
2,3 4 °°Zn
ln(l—Z):—Z_j_?_Z_ =—Z; for|z| <1
n=1
z® 73 z* -
ln(1+z)=z—?+?—z+ =Z( 1+t for |z| <1 z#—1
n=1
| ! = +Z2+Z3+Z4+ _OOZn <1
M=% 273 7y ~Lin Izl =
n=1
1Z—1+1+1+—§:1 |z > 1
rlz—1_z 272 3z3 0 7T nzn d
n=1
1_Z=1+Z+zz+z3+... zz” forlz| <1
n=0
1+Z:1_Z+Z — +...=Z(—1)z |z] <1
n=0
z — 2 3 4 — n
m—Z‘{'zz +3Z +4Z + .= nz fOT |Z|<1

n=1
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(0]

23 g5 47 42n+1
-,z 2 —1)n _
sinz =z +5' T Z( )(2 D ©0<z< o0
L +<1)z3+(1-3)25+ (1-3-5>z7 N _i (2n)!  z2nH1 o<1
smoz=272)3 "\ 245 "\\27a6)7 )T 0 T 1272 (n)? (2n + 1) for |zl <
n=
3 R
smhz-z+—+§+ (2n+ ' forall z
n=0
1 3 (2n)!
h]. - __3+_5__ + Z_ n 2n+1 <1
Sz =2 =22+ 357" ~ 1127 D manzan+ D~ for |z
72 g4 46 d Z2n
1.2 .z _Z — _1\n _
cosz=1 2|+4| 6'+ —Z( )(Zn)! 0<z< oo
n=0
had 2n+1
1 T 1, 3 . 5 T 2n)! =z -
S & Ry JE L S 1
08 2= 72T T T 1127 2 22n(n)2 (2n + 1) for Izl <
n=0
22 g4 46 ~ 2, 42n
coshz—1+§+—+a+ _1+Z(2n)! forall z
n=1
B 1 3 15
cosh Z=11’1(ZZ)—@—@—W—... fOT' |Z|>1
1 2 17 62 B, (1 — 4™) T
tan 7z = NP USSR o ety <
anz=z+32°+352° + ez’ + ez )] Izl <3
n=
23 ZS Z7 ® (_1)n 2n+1
tan‘lz=z—?+?—7+...=2W lz| <1 z+#1i, zZF+F —i

n=0

1 2 17 v B, AM(4" — 1) n
o, 5 _ 7 _ n 2n—1 _
tanhz = z 32 +—15 3152 + .= E 2! z for |z| < >

n=1

23 45 2, gent1
tanh™? z—z+?+g+—+ Z

for |z| <1

n=0
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11 1 2 1 o (—1)"22"B,, 721
tz=-—cz——23——75———77 - :z 0<|z| <
2= 7377457 o457 T 47257 . 2n)! for 0 <zl <m

n=
t_1 _7T . . _7T Z3 +Z5 Z7 N _T[ 00 (_1)n22n+1 | |< . 4
CO zZ = an Z—2 Z 3 5 7 —2 n+ 1 Z| = VA Tl
n=0
thzmsboze g3 g5 7y 1+22an2"2 ~ 0<|z| <
cotnz = — Z——Z zZ- — Z e = - S Z T
z 3 45 945 4725 z L (2n)!
1
coth ™' z = tanh™?! (—)
VA
1 1 7 31 o (—1)™12(2271 — 1)B,, 72"
= — 4 — 3 5 — n
cscz Z+6Z+36OZ +151202 + .. 0 2] for 0<|z|<m
n=
L __1<1)_1+(1) 1 +(1-3) L o (2n)! 1
s z=ES ) T2 T\2)32 )5 T T L 220 ()? (2 + 1)zCrD
n=
11 7 31 1 2(1-2@-D)
cschz=——=z+ z3 — z> + ...=—+Z B,z D 0< |zl <®
z 6 360 15120 z ] (2n)! an 2]
n=
h"lz=In2—Inz+ oz — ozt 4=
CSC Z n nz 4-Z 32Z 96Z
L. 5, 61 o 277 i( o Eon_on <™
Secz 22 227 ~ 7207 T goea” (2 )l for lzl <3
L, m (1+(1)1 (1 3>1+ > n i (2n)! 1 o> 1
secC zZ=——|- - - zZ| =2
2 zT\2)32 T\ 355 2 022”(n')2 (2n + 1)z@n+D
n:
DR PO 61 , 27 iE <™
sechz=1—-- — =
z=1=gzt o2t = s + g06a” ,"(2n)! 2573
n=
1 3
-1 _ _ _ 2 _ " 4
sech™z=1In2—-1Inz 42 322 .....
_ 1 1 1 1 1
B, nth Bernoulli number: B, =1 B1=—§ B, =z B4=—% B6=E Bg=—%
o po__ 691 7 3617 43867
0766 127 2730 76 6™ 510 187 798

E, nth Euler number: Ey=1 E,=-1 E,=5 E;=-61 Eg=1385 E;,=-50521
Ey, = 2,702,765 E;, = —199,360,981 E;z = 19,391,512,145
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Derivatives of inverse trigonometric and hyperbolic functions

d-—l()_ 1 d'h_l()— 1
2, sin(2) = — —,sinh™(2) = —
d _1() 1 d h1(2) 1
—cos (z) = — —cosh™(z) = ———
dz V1= 22 dz Vvz+1vz—-1
dt “1(y) = 1 dt h1(z) = 1
dz o 1422 dz " D=1
O p— L coth1(z) =
az % VW T T2 dz eI
d 1
1 e -1 = ——
—csc(z) = — dz esch™(2) 1
zVz? -1 z2 |1+ —
z
d 1
1 —sech™(2) = —
—sec™(z) = dz -
dz @) NZZ — 1 2(z+1) 1—2z

142z

Derivatives of trigonometric and hyperbolic functions

%sin(z) = cos(2)

d
—sinh(z) = cosh(z)
dz

d
—cos(z) = —sin(2)

d
— cosh(z) = sinh(z)
dz

d
Etanh(z) = 1 — tanh?(2) = sech?(2)

d
— coth(z) = — csch?(2)
dz

dz

d — cap2

Etan(z) = sec“(2)
icot(z) = —csc?(z)

dz

—csc(z) = —csc(z) cot(z)
dz

d
P csch(z) = — csch(z) coth(z)

—sec(z) = sec(z) tan(z)

isech(z) = —sech(z) tanh(z)

dz dz
Derivatives of common complex functions
iza =az%1 izz =zZ(1+1nz)
dz dz
—a? = a“In(a) ilnz=1
dz dz z
a , d l 1
azt T°¢ dz 5%~ Zlna
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Software documentation

One source of confusion when dealing with complex numbers are the multiple solutions to several
complex functions calculations, this software manages multiple solutions as follows:

Function AmBrSoft — Complex Calculator

arg(z) = 6 The software enables the use of two presentation of
argument angles:

Present of negative (regular) angles -n<0<m
This is the default setup for calculations and corresponds to
most definitions of complex calculations.

Present positive angles 0<0<2m
In this way all angles will appear as positive values
counterclockwise from the real x axis.

In(z) =Inr +i(6 + 2km) 0 is restricted to a single value (k=0) in the range:
For negative angles (default) —m <6 <m
For positive angles 0<O<2m

e’ Has a single value

sinz, cosz, tanz, cotz, secz, cscz Has a single value

sin"!z,cos™1z,sec™lz,cscz Has 2 solutions in the range

tan~'z,cot™z Solution is single value

z" Has a single value if n is integer

Solution has n values and the angle differs by 27” radians

Vz User can browse between different solutions by pressing
The button.
Calculations accuracy All calculations are performed up to 16 digits.
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